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Q 

c3 



cd 



X 



ALEX CLARK 



ON 

Os 
On 

Abstract. Linear flows on inverse limits of tori are defined and it is shown 
£^ t that two linear flows on an inverse limit of tori are equivalent if and only if 

^ , there is an automorphism of the inverse limit generating the equivalence. 

(N 



1. Introduction 

We define the families of linear flows on the inverse limits of finite-dimensional 
tori T" (n fixed) with epimorphic bonding maps and on a special class of inverse 
limits of T°° and prove that two flows from such a family are topologically equiva- 
lent if and only if there is an automorphism generating the equivalence. This result 
generalizes the well known classification of the linear flows on T 2 (see M, pp. 36- 
38) . While there does not seem to be a proof in the literature of this result fo r th e 



J> | general linear flow on T K for k > 2, some related questions are addressed in ([KH|. 



2.3). This result reduces the problem of the classification of these linear flows to 
the classification of the automorphisms of the corresponding inverse limit. We give 

vq ■ a characterization of the automorphisms on the finite product of one-dimensional 

solenoids and we work out the 2-dimensional case in detail, thereby classifying the 

&\ ■ linear flows on such products. We also find a condition on the character group of a 

finite-dimensional inverse limit as above that determines when the inverse limit is 
C^ ■ isomorphic with a product of one-dimensional solenoids. 

It can be shown that the subgroup of the reals generated by the Bohr-Fourier 
exponents of an almost periodic orbit of a flow in a complete metric space deter- 
mines the equivalence class of the flow obtained by the restriction of the original 
flow to the compact minimal set which the closure of the image of the orbit forms 
in the sense that any two such orbits with the same associated group determine 
equivalent flows (see, for example, ]LZ|] , 3§2). This, together with a straightforward 
application of Pontryagin duality, can be used to demonstrate that a flow in a com- 
plete metric space restricted to the closure of the image of an almost periodic orbit 
is equivalent to an irrational linear flow as defined here. Any two (topologically) 
equivalent almost periodic flows are equivalent to members of the same family of 
irrational linear flows, and so our results serve as a program for the classification 
of almost periodic flows in complete metric spaces. It then follows from a theorem 
of Nemytskii ( JNS| ; V, 8.16) that any metric compact connected abelian group is 
isomo rphic with an inverse limit of the type treated here (a k— solenoid) (see also 
iPorrtj , Thm 68). 
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2. k— Solenoids 

2.1. n Solenoids. 5 1 = T 1 = R/Z, with group operation " + " inherited from 
the covering homomorphism p 1 : M -^S* 1 ; ihi (modi). Unless otherwise stated, 
n denotes a member of the set of natural numbers N = {1,2, ...} and oo denotes 

the countably infinite cardinal. The n-torus is denoted T™ = Yli=i & 1 an( ^ T°° ^ s 
defined to be the space n^i & 1 an d wc ^ x = ( x ii ■■■, x i, ■•■} denote a point of T K 
for k G N or k = oo, and we give T K the metric d K ; 

d«(x,y) = ^2^\ui-Vi\, 

where Uj, i>i G R are representatives of the classes of Xi , y% chosen so that \v,i — Vi\ < 
t;. An inverse limit of T K (n G N or k = oo, fixed) with epimorphic bonding maps 
has the group structure inherited from the Cartesian product Yii=i T K • For a fixed 
k, Il*^i T K and its subspaces are given the metric d% 



JOC . 



We assume throughout that all homomorphisms (automorphisms, etc.) between 
topological groups are continuous. 

Definition 2.1. For k G NU {oo}, p K : R K — > T K is £/ie homomorphism 
t = (ti,...,t i ,...)*(p 1 {t 1 ),...,p 1 (t i ),...). 

Notice that if / : T™ — > T" is a homomorphism there is a unique homomorphism 
represented by a matrix with integer entries M : R™ — ► R n satisfying / o p™ (t) = 
p" o M (t), and when / is an epimorphism det M G Z - {0}. And if / : T" -> T" 
is represented by the nx n integer matrix M with dctM ^ 0, there are two 
nx n integer matrices P and Q which have inverses with integer entries and which 
satisfy M = PAQ, where A is a diagonal matrix with integer entries. Then with 
k = | dctM | = | det A|, / is a fc— to— one covering map since A represents such a 
map. 

Definition 2.2. For a fixed n and a sequence M = (Mi, M2, ...) of nx n matrices 
Mi with integer entries and non-zero determinants, we define the topological group 
X/m w tth identity ejj to be the inverse limit of the inverse sequence {Xj, /*}, where 
Xj = T™ for all j G N and f J - is the topological epimorphism represented by the 
matrix My, f 3 - o p n = p n o Mj. 



Edef 
M 



lim{X,, /ncllr, 

and we define such an inverse limit Y]ji to be an n-solenoid . 

2.2. 00 — Solenoids. 

Definition 2.3. If f : T™ — > T"; (xi,...,x n ) 1-* (yi,...,y n ) is a homomorphism 
represented by a matrix with integer entries M : R" — ► R n ; (ti, ..., t n ) t— ► (s 1; ..., s n ), 
then we define the following maps: f x id : T°° — > T°° ; 

(x 1 ,x 2 ,-,) i-> (yi,-,y n ,x n+1 ,x n+2 ,-) 
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and M x id : R°° -> M°° ; 

(tl, t2, ■■■) >-> (si, ■■■, S n , t n+ i, t n+ 2, ■ ■■) ■ 

And we define a map such as f x id to be an n-map. 

Notice that if M represents /, then M x id represents f x id in the sense that 
(/ x id) op°° (t) = p°° o (M x id) (t). Also, if / x id and g x id are both n-maps, 
then (/ x id) o (g x id) is the n-map (fog) X id. And if / x id is an n-map ; 

(xi,x 2 ,...,) i-* (yi,...,y„,a; n+ i,a; n+ 2,---} 

and 1/ > n, it is possible to represent / x id as the z^-map /' x id, where /' : T^ — > T 1 ' ; 

(xi, ...,«„) h-» (j/ l7 ...,y n ,or„ + i, ...,«„). 

Also, if / X id is an n-map and g x id is an m-map, then (/ x id) o (g x id) is a 
max{?n, n} -map, for we may represent both f x id and g x id as max{m, n}-maps 
and then the above observation on compositions applies. 

Definition 2.4. If for each i 6 N g* x id is an ni-map represented by the map 
Mi x id : R°° — > R°°, where Mi is an m x Ui integer matrix with non-zero determi- 
nant, we define the topological group Yjm w ^ identity ejj to be the inverse limit of 
the inverse sequence {Gj, /?}, where Gj = T°° /or all i £ N and /? + = gj + x id; 

oc 

^^limiG^jcIlT 00 , 

and we define such an inverse limit Yjm t° be an oo— solenoid . 

In the following X/m" represents a k— solenoid for some k£NU {oo}. 
Definition 2.5. fi : Y1~m ~ ¥ T K ; ( x1 j x2 j ■■■) l ~ > x * * s projection onto the i th factor. 

Definition 2.6. Cjy is i/ie paift component of ejj in Y]ji- 

Definition 2.7. If k = n < oo, we define t:jj : R n — > Y1~m ^° ^ e ^ le homomor- 
phism 

t = (h, ...,t n ) ~ (p n (t) ,p n o Aff 1 (t) , ...,p n o M^ o • • • o Mf 1 (t) , ...) . 

and if n — oo, we define n-j^ : K°° — > J^j^j io &e i/ie homomorphism 

t ^ (p°° (t) ,p°° o (Mi 1 x id) (t) , ...,p°° o (Mr 1 x id) o • • • o (Mf 1 x id) (t) , ...) , 

Notice that ker7T;p- C ker (/i o 7Tjg ) = Z K . 

That 7r-jg maps R™ onto Ctf follows from Theorem 5.8 in [McC], where he char- 
acterizes the path components of the inverse limit of an inverse sequence with all 
bonding maps regular covering maps between spaces which admit a universal cov- 
ering. However, we shall demonstrate directly that ttjj (R™) = Cjj and generalize 
this result in Corollary 0, and to do so we prove two preliminary lemmas using 
the terminology and results in (S, Chapt 2). 

Lemma 2.8. Let p\ : E — > L and p2 : L — > B be maps which satisfy the following 
conditions: (1) P2 has unique path lifting and (2)p = p2opi is a fibration. Then 
Pl is a fibration. 
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Proof: If F, f are maps as in the following diagram, we need to find a map 
F' : X x [0, 1] — > E (represented by the diagonal arrow in the diagram) which makes 
the following diagram (A) commute: 

X x {0} 4 E 

| n / F 1 • 

Xx[0,l] -• L 

F 

Then for any x E X, p\ o /' (x, 0) = -F (x, 0). Since p is a fib-ration, there is a map 
G : X x [0,1] —> E making the following diagram (B) commute: 

x x {o} 4 £ 

r / G f . 

Xx[0,l] - B 

•piob 

Then for any x E X, p\oG (x,0) = p\of (x, 0) = F (x, 0) ; the first equality follows 
from diagram (B) and the second equality from the observation after diagram (A). 
Now fix x E X and define the paths lo and u/ in L : 

w (t) d = F (x, t) and J (t) d = Pl o G [x, t) . 

Then we have u> (0) = F (x, 0) = p\ o G (x, 0) = u/ (0). It follows from diagram (B) 
that for all t 6 [0, 1] 

p 2 o w'(t) = P2 o Pi o G (x,t) = p o G(x, t) = p 2 o F (x, t) = p 2 ouj (t) . 

From this and the condition that p 2 has unique path lifting, it follows that for all 

t e [0, l] 

F (x, t) = u (t) = J (t) =pioG (a;, t) . 

Since x was any point of X , we have that F — p\ o G and setting F' — G gives us 
the map we need to complete diagram (A), demonstrating that p\ is a fibration.D 

Lemma 2.9. Let Aoo = lim{//,Xj} 6e the inverse limit of an inverse sequence for 

which all the bonding maps ff (i < j) have unique path lifting. Then the projection 
onto the first coordinate f\ : Aoo — ► X\\ (xi, X 2 , ...) i— » X\ has unique path lifting. 

Proof: Given paths u> and lo' in X^ such that f\ old = /j ow' and w (0) = lo' (0), 
suppose that for some t E [0, 1] we have u> (t) ^ lo' (t). Then for some n E N, lo (t) 
and lo' (t) disagree on the n th coordinate : f n °u (t) ^ f n ° w' (i) . But we also have 
that 

A™ O f n O W = /i O LO = /l O LO' = /" O /„ O u/ 

and by hypothesis /" has unique path lifting. This combined with f n oui (0) = 
f n oio' (0) implies that the paths f n ouj and /„ou' in X n are equal. This contradicts 
/„ o lo (t) ^ f n o lo' (t). Therefore, no such t can exist and lo = lo' . □ 

Theorem 1. Let Aoo = lim{/^, Xj} be the inverse limit of an inverse sequence for 

which all the bonding maps ff {i < j) have unique path lifting and suppose that 
we have a map p : X — > Xoo satisfying the condition that f\ o p is a fibration. Then 
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p is a fibration, and if X is path connected, p ( X\ is a path component of Xoo. If 
each of the fibers of /io p is totally disconnected, then p has unique path lifting. 



Proof: Since f\ has unique path lifting by the above lemma, Lemma 
applies, implying that p is a fibration. So when X is path connected, p [Xj is a 

path component of Xoo [S; 2.3.1]. 

Also, if each of the fibers of /i o p is totally disconnected, then for any b € Xoo 
we have 

P -\b) c p- 1 (/r 1 (h (&))) = (A o py 1 (h (b)) 

and (/i op) - (/i (6)) is a totally disconnected set (see |g); 2.2.5). D 

Notice that we are not requiring our spaces X, to be groups and the above 
theorem could be extended to include general inverse limits [not just the inverse 
limits of inverse sequences] . 



Corollary 2. For k g NU {oo}, let ir w : R K — > J^JT t> e as in Definition p77j . Then 
ttjj is a fibration with unique path lifting onto C-^. D 

3. Linear Flows on k— Solenoids 
Definition 3.1. For us = (wi, ...,Uj, ...) E R K - {0} ; we define i" : WL ^ R K by 
t\ — y (tu>i, ...,tu>j, ...) = tcu. 

Notice that i w topologically embeds R as a subgroup of M. K . 

Definition 3.2. A flow on the space X is a map ^ : MxX -> X satisfying the 
following conditions 

1. <fi (0, x) = x for all x G X 

2. <j> (s, 4> (t, x)) = 4>(s + t,x) for all s,teR. 

Definition 3.3. We define the family of linear flows on the K-solenoid 5^3/ 
J~ = {$^ | u £ R K - {0}} to be given by 



y_ ( ^ d) r- x y _ (7r ^ d) c.xVi y _ 



It follows directly that each <f>^- is indeed a flow. Notice that any time— t map 
$^(£, _) is simply translation by TTj^(tuj). This family of flows yields isotopies 

between idy- and the translations by elements of C^-, and if we replace Gjj with 

the path component of y £ Yjm ~~ ^m an< ^ '""m by y + ttjj in the definition of &^r, 
we obtain isotopies between the translations of elements in that path component, 
but these isotopies are not flows. 

Definition 3.4. The countable set of real numbers {oJ\, ..., Wj, ...} is rationally 
independent if : 

IkiU)^ + • ■ • + fe s Wj = for integers fei, ...., k s (s finite)] =>• [hi = • • • = k s = 0] , 
and in this case lu — (w\, ■■■,u>i, ■■■) and the linear flow $^ are irrational . 
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Lemma 3.5. If {wi, ..., uj n } is rationally independent and N is an n x n invertible 
matrix with rational entries, then {lu'i, ...,u)' n } is rationally independent, where 



= N 



wi 



UJ,, 



Proof: Suppose that for the integers ki, ■■■k n we have kiu>[ + • • • + k n uj' n = 0. 
Then 



( fci 



( fci 



Wl 



N 



U 



Wi 



where <7i, • • • , g n are rational numbers. The rational independence of {wi, ...,w B } 
then implies that gi = • • • = g n = 0. Thus, 



( fci 



fci 



and so 



<E ker7V T 



by definition. 
Definition 3.6. A^ 




N 1 



( fci 



\ fcn 



= 



} and {wj,...,w^} is rationally independent 



□ 



del 



<&± 



x{e w }) = {n w (tu>):t€R}cC 



M- 



M M 

Notice that A^- is the trajectory of ejj for the flow $^ and that A^- is a subgroup 
of X^m s i nce ^ is the image of R under the homomorphism £ 1— » 7r-jg-(fct>). 

Lemma 3.7. If u> is irrational, A^j- is dense in the n-solenoid Tljj- 

Proof: Let x = (x 2 ) ._ be any point in Yjm an< ^ ^ ^ be an y neighborhood of 
x. We need to show that N contains some point of A^-. Since B = {f~ (U) : U 
is open in T K , i £ N} is a basis for the topology of X/p-, there is a j £ N and a 
neighborhood U of x J in T K satisfying: /r (U) C N. Since U is a neighborhood of 
x J in T K , there is an e > such that the ball B of radius e centered at x J in T K is 
contained in U. We have 2 cases: k = n < oo and k — oo and we treat the second 
case; the first case may be proved using a simplified version of the same argument. 

So we assume k = oo and seek a point ttjj (tw) of A^- satisfying doo (x- 7 , fj (ttj^ (tto))) 
< e. Such a point will then be contained in N n A^- since /• (B) C /• (U) C 
iV . First we choose m so that ^™ m+1 ^r < |. Then we represent the map 
(M~ x id) o • • • o (M-f x id) as a map M x id, where M is an invertible k x k 
matrix for some integer k > m. Then with 

( < \ 

def 



/Wl \ 



(M x id) 



V : J 



V '■ J 
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the set {u>[, ...,ui' k } and hence {oj[, . ..,tj' m } is rationally independent by Lemma 



Kronecker's theorem (see, e.g., JffW ], Thm 444) then yields integers pi,—,p n 



and a real number t which satisfy the following system of inequalities: 
tu>[ -pi -x{ < -,..., \tu>' m -Pm -x J m \<-, 

where for i — 1, ...,m x l i (and hence pi + x?) are representatives in R for the 
coordinates of xP . Then d^ (x J , fj (irjf (tu>))) < e as required. D 

Definition 3.8. The flow <p : Kxl" -^ X is equivalent to the flow -0 : RxY" —>Y if 
there is a homomorphism a : M — > M. and a homeomorphism h : X — > V smc/i f/iaf 

1x1 -£ X 
J, a x h [h 

RxF -t Y 
commutes and a is increasing [I, pp. 31-2], and we write 

equiv 

a x h : (j) « ip. 

(This is also sometimes referred to as C° conjugacy). 
Lemma 3.9. Let <I>^ be a linear flow on X/5T- V T * s translation by x € X/a7> 
tfien id M x t : $^ « $<^. 

Proof: We have 

r ° ®ji (*> v) = T ( n M (*<*>) + v) = ^m ( tuJ ) + x + y 

= <p^(t,x + y) = ^[(id R XT)(t,y)}. 

D 

equiv i 

Suppose that a x g : <I>^ « $^- . Then with r defined to be translation by 



-^ ( e— ) , we have by the above lemma: 



/ equiv i 

idmxr: $^ % ^ 
and so with h = r o g we obtain a homeomorphism /z which fixes e-rj and 

equiv / 

axh= (ids. x r) o (a x 5 ) : $^- w $i^L. 

equiv ^^ 

Thus, to determine the « classes of the family jF-p- of linear flows on 2JlT wc need 
only consider equivalences which are induced by homeomorphisms of X^m which 
fix &tj. We shall see that in fact we need only consider equivalences induced by 
automorphisms. In order to calculate the entropy of automorphisms of n— solenoids 



(in our terminology), Lind and Ward |LW| show that the general automorphism 



on an n -solenoid can be represented by a matrix in GL (n, Q), as determined by 
the dual automorphism on the character group of the solenoid. We provide here a 
direct representation of automorphisms on n -solenoids by automorphisms of R K . 

Theorem 3. Let h be a homomorphism from the K-solenoid X/m ^° ^ ne ^'-solenoid 
"Yjmt- Then there is a unique homomorphism H : M. K — > M K making the following 
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diagram commute 

R K ^ R K ' 

Em ~ * Em 7 

And the function / : Horn ( Em> El 7 ) — * Horn, I M K , M K j ; ft, i— ► H is one— to— one. 
And if ft is an automorphism, iJ is an automorphism. 

Proof: Let ft. be a homomorphism from the K-solenoid Em to the K'-solenoid 
Em 7 - Then there is a unique map H : (R K ,0) — ► IR K , 0] making the following 
diagrams commute 

(k k ',o) (R*,0) ^> (r k ', 

"/ l^ 7 or --j |-- 

(R",0) -> (Eif,^) (T-e-) A fV— e -) 

[S; 2.4.2]. Then let x,y be any points of R K . Then 
njp- (H(x)+H(yj) = wjp- o H (x) + irjp-o H (y) = h o w w (x) + h o n w {y) 

= hoTr JT (x + y) = n w -(H(x + y)). 

From this it follows that H (x) + H (y) - H (x + y) G kcr rrjp- C Z K . Define the 
following map 

A : R K x R K -► R K '; (a;, y) ^ H (x) + H (y) - H (x + y) . 

By the above, A (R K x R K ) is a connected subset of the totally disconnected set Z K 
and A ((0, 0)) = 0. Thus, A (R K x R K ) = and H (x) + H (y) = H (x + y) for all 
(x, y) G R K x R K and H is a homomorphism. 

Suppose then that ft, ft' <E Hom( Em 'Em 7 ) and that ft 7^ ft'. Since, for irra- 
tional w, A^j- C C-p- is dense we have that C;p- is dense. Therefore there is an 
element ttjj (t) G C^y such that ft (7Tp- (t)) ^ ft' (71^ (t)) and hence ttjjt (i/ (t)) ^ 
njp (#' (t)), where tf = / (ft) and H' = f (ft') . Then we must have H (t) ^ H' (t), 
and so / is one— to— one. 

Suppose then that ft G Aut (Em") ana - / C 1 ) = -^ • ^ K "" > ^ K as a bove. Then we 
have hr 1 G Aut (Em) ana ^ the corresponding endomorphism / (ft') = H' : M. K — > 
R K . We then have that H 1 oH is the unique lifting of id owj^- and ic?R~ also provides 
such a lifting, so we must have H' o H = ids.*. Similarly, H o H' = idm.* and 
HeAut(R K ). □ 

Lemma 3.10. If a : R — ► R is multiplication by the positive number a and if ft G 
Isomorphism (Em > Em 7 ) a? ^ «/ i? : R K ^ R K satisfies ft o 71^- = 71^7 o i/ , tften 

equiv i 

ax ft • $— w $— 

where lu' = iff(w) G R K . 

Proof: With u/ = -.ff (w) we have: 

fto$^-(i,a;) = ft (71^ (tw) + a:) = h{TT W {tuj) ) + h{x) = tt I77 (i? (iw)) + /i(x) 
= itjjt {atJ) +h(x) = $^ (at, ft, (a;)) = $^7 o (a x ft) (t, cc) 

D 
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Lemma 3.11. If the subsets hi^— and hi^— of the k -solenoid X/m are e Q ua ^ then 

de f 

to =auj' for some a £ R — {0}. And when lo =auj' , with S = idy~ if a > and 

S = the map x i— ► —x ifa<0, we have 

equiv i 

(a x S) : $-tj ~ ^TT' w here a is multiplication by \a\ . 

Proof: Suppose A^ = A^ d = A and let L w = i" (R) C R K and L w ' = i w ' (E) C 
R K . Since A is not a single point and any non-degenerate orbit is a locally one-to- 

def 

one map from E , there is an arc J=[0,i] CR so that p = n-^ oi w | j maps J 
homeomorphically onto its image in Y^W- Then there is also an interval J' C E 

having as an endpoint such that p' = ir-^- o i u \ji maps J' homeomorphically 
onto p (J) = p' (J'), and so there is a homeomorphism /i : (J, 0) — > (J', 0) such that 
p' o h = p. Then 



(J',0) ^ 


(R K ,0) 


/it V' 


I^M 


(J,0) — > 


Iz^MJ e M 



) 

V 

and ?" o h is the unique lift (J, 0) — > (R K ,0) of p. But z" j also provides such a 
lift, and so i"' o h = i u \j and i w (J) C L u ' , from which it follows that L u = L u ' 
and auj'= co for some aGR as claimed. 

Suppose then that lu =au>' . Then we have 

So^(t,x) = S(w n (tu) + x) = Sfaf(1w)) + S(x)=w M (\a\to')+S(x) 

= $&(]a\t,S(x)) = $£°(axS){t,x) 

O 
Thus, two linear flows <f>^ and $^ whose trajectories determine the same de- 
composition of J2jT (i- e -! linear flows with the same phase portrait) are equivalent 
since then the trajectories of e-p- (A^ and A^- respectively) are equal. 

Definition 3.12. The homeomorphism h : X — > Y provides a topological equivalence 
between the flow (f> : Mx X —> X and the flow ip : RxY" — » Y if h maps each tra- 
jectory of 4> onto a trajectory of tp and if h preserves the orientation of orbits; that 
is, for each x G X there is an increasing homeomorphism a x : R — > R such that, 
h o <p (t, x) — ip (a x (t) , h (x)) for ollfGl [I, p. 32]. Such <f> and ip are said to be 
topologically equivalent and we write 

top 

h : <p w ip . 

top 

We proceed to determine the s=s classes of the families J-jg, and in the process 

top equiv 

we shall sec that these « classes coincide with the w classes of these families. 



Lemma |3.9| implies that we need only consider homeomorphisms h : (X)m> e w) 
(Y1~M> e ir) smce topological equivalence is more general than equivalence. We shall 



need a result from Sch 



Theorem 4. Let G be a compact connected topological group, and let H be a locally 
compact abelian topological group. Then every / £ C e (G,H) = {maps G — > H 
mapping the identity of G to the identity of H} is homotopic to exactly one 
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h G Horn (G, fl), and the homotopy can be chosen to preserve the identity ( J3c 
Corollary 2 of Theorem 2) 

From this we immediately obtain the following corollary. 

Corollary 5. Let G be a compact connected abelian topological group. Then any 
homeomorphism h : (G, e) — > (G, e) is nomotopic to exactly one automorphism. 

Proof: By our hypotheses on G, we obtain a, (3 G flora (G, G) with a homotopic 
to h and /3 homotopic to h^ 1 . Then ioIq — h o hr 1 is homotopic to a o /3 G 
Horn (G, G). But by theorem, there is only one element of Horn (G, G) homotopic 
to /i o h^ 1 and idg = ha hr x G Horn (G, G). Therefore, a o (3 = idc and similarly 
/3 o a = id G . Thus, a is an automorphism whose uniqueness follows from the 
uniqueness in the above theorem. □ 

We can actually obtain the automorphism homotopic to h : (G, e) — > (G, e) 
as above in the following way. Start with the isomorphism h* of the first Cech 
cohomology group of G fl 1 (G) [Z coefficients] induced by ft.. This then yields an 
automorphism l of the dual of G G = fl 1 (G). The automorphism T, the map of 

G dual to i, yields, via the automorphism G = G given by Pontryagin duality, an 
automorphism a of G. This automorphism a is the automorphism guaranteed by 
the above. 

top , equiv , 

Theorem 6. If $S w $S, there is an a G Aui (Em) wi th (/-? X a) : $S w §" . 



Proof: Suppose that h : (Em, &m) ~> (Em> e M") and h : $ m" ~ $ m"' Then let 
a be the unique automorphism of Em homotopic to h guaranteed by the above. Let 

def 

F : (Emi e M~) x [0, 1] "~ * (Em> e lf) be a homotopy of h and a with F t — F (_, £). 
Then the map F' : (Em , e w ) x [0, 1] -> (Em, e^j) ; (x, t) t-> F t (x) - /i(x) provides 
a homotopy between a — h and the constant map c : (Em > e Af) ~^ i e M"}- Since 
7r-^ : M K — > Em * s a hbration and c is lifted by the constant map Em ~ * {0}, the 
map a — h can be lifted by a map g : (E]g, ejf) — > (R K , 0) so that the following 
diagram commutes 

(R K ,0) 

9 / J^M 

(Em e lwv ? (Em> e Af) 

a— n 

Let A G j4m£ (R k ) be the map which satisfies ttjj o A = a o tt-jj. Then with 
w =A (w), we have 

a(7r 17 (tw)) = 7T ff ( J 4(tw)) =ir M {tw), 

and so a ( AS ) = AS' If AS = AS, then Lemma 3.11 gives us the desired result. 
\ MJ M m m' I 1° 



i top i 

Suppose then that AS ^ AS. Now we have h : $S ~ ^S and so there is an 
increasing homeomorphism a : R — ► R such that, ft (7r-p-(iaj)) = ho 3>S(t, ejf) = 
<IS (a (t) , ejf) = 7r^ (a (t) to') for all £ G R, and since h (e-p-) = ejj we have 
e M" = ^TT ( a (0) w ')- Now for n G N define the path 



^[O^R^VJ-E^ 
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Then ttjj- o g o ir-jf o i u \[o, n ]= Pn and so g o 71^ o i w |r 0j „i provides the unique lift 
([0,n],0) -* (R K ,0) of the path p n . But with 

7 : ([0,n],0) -» (R K ,0); t i-> to-a (*) J + a (0) a/, 
we have 

%°7W = %(to-a(t)w' + a(0)w') = tt^ (to) - 7^ (a (i) u/) 

= a I 71 "!? (M) - h i^M (**>)) = (a-h)o (tt w o i u ) (t) = p n (t) . 
Thus, the uniqueness of goirjjoi^ \[o <n ] yields 7 = goitjjoi^ |[ . n ] and g (tt-jj (nuj)) = 
nw—a(n)ui' + a(0)u/. Let {tt-^- (rijU>)}'^L 1 — > x be a convergent subsequence of 
the sequence {itjj (w)}" =1 . 

With i ro = {to 6R K I teR} and l/ = {tw'eM^ | teR}, we have i ro 7^ l/ 
[if L ro = L u> there is an a<ER such that aw'= n7 and AS- = A^-]. Then with 

def i 

L = L ro ®L U , a closed two-dimensional vector subspace of R K , we define the 



topological isomorphism A : R 2 — > L; (s, t) 1— » sw + iw' (see, e.g., [Scha , Chaptl§3). 
Notice that 



3 (») e{9° ttm (rijcj)}^ = {rijw-a (rij) u) 1 + a {0)u'}JLi C L. 
We then have in R 2 
\- l og(x) = lim{A _1 o g (n w (njUj))} 

— lim{A~ (rijW— a (rij) oj' + a (0) a/)} = lim{(nj, —a (rij) + a (0))}, 

which is impossible since {(rij, —a (rij) + a (0))} is unbounded. We must therefore 
have AT- = A^L D 

M M 

equiv top 

This reduces the problem of determining the « and ~ classes of the families 
Fjj to determining the image of / : Aut (^2jj) ~> ^ u ^ (^ K ) as m Theorem |3| 
Two linear flows <&^ and $^- are (topologically) equivalent if and only if there is 
an/ig Aut (J2jt) wnose lift H to an automorphism of R K satisfies: au>' — H (lu) 

equiv t 

for some a € R— {0}. Generally, if $^- w <J>^- and the rank of the subgroup of 
(R, +) generated by {u>i,u)2, ...} is p, then the rank of the subgroup generated by 
{uj^ui^, ■■■} is also p : the closure of the corresponding trajectory in each case is 
a p— solenoid. However, it is important to realize that the image / (Aut (X/m 7 )) 
depends on the k -solenoid X) m ana - so which flows of the same rank are equivalent 
depends on Yjm * ^ ex t we shall give a specific classification of these automorphisms 
on n-solenoids whose bonding maps are all represented by diagonal matrices, which 
correspond to the finite product of 1-solenoids. 

4. Classifying Automorphisms on the Finite Product of 1-Solenoids 

4.1. Comparing 1— Solenoids. For a sequence of non-zero integers P — (pi,p2, ■■■), 
we have the corresponding 1-solenoid J2p where the bonding map f\ + is multi- 
plication by pi in T 1 . [This is consistent with our established terminology; usually 
the pi are required to be positive primes, but we include the case pi = 1]. 

Definition 4.1. Sequences of non-zero integers P = (pi,P2, ■■■) andQ = ((71,(72, ■■■) 
are equivalent, denoted P = Q, if and only if Y] P is topologically isomorphic with 
Y*,Q- We let P denote the = class of P. 



12 ALEX CLARK 

def 

Definition 4.2. For a given sequence of non-zero integers P = (p\,P2, ■■■), \P\ — 
(|pi|,|_p 2 | ,-.)■ 

Proposition 4.3. P=\P\. 

Proof: With sgn (i) is defined as the map S 1 — > S 1 given by multiplication 
by sign (pi ■ ■ ■ pi) , we have the following topological isomorphism ^2 P — > Y]\p\ 
represented by the vertical maps in the following commutative diagram 

s 1 £- s 1 &- s 1 < 

id | sgn (1) j sgn (2) J. 

n 

Definition 4.4. Given a sequence P = (j>i,ps, ■■■) o/ non-zero integers, we define 
the derived sequence P' = (p^p^,-.-) to be the equivalent sequence of primes and 
l's obtained by the prime factorization of the \pi\ in sequence, with the factors of 
\pi\ ordered by magnitude [l's are left unchanged\. 

For example: for P= (6,1,-90,...), P' = (2,3,1,2,3,3,5,...). 

Definition 4.5. We define the partial order < on sequences of non-zero integers: 
P < Q iff a finite number of terms may be deleted from P' so that each prime 
occurring in this deleted sequence occurs in Q' with the same or greater cardinality. 

Since (1, 1, ...) is a minimal element of the partial order which is equivalent with 
any other minimal element, we can summarize the classification of all 1-solenoids 
in this new terminology as follows. This classification was conjectured by Bing H, 



while the first proof in print appears in [McC|; see also |AF]. 
Theorem 7. ([P < Q] and [Q < P]) & [P = Q]. 

And so < induces a partial ordering ■< on = classes. 
Definition 4.6. We define the sequence of primes 

H = (2,3,2,5,3,2,...) = (piplplplplpl ,...) = (fa, fa, ...) , 

where p\ is the k th prime for all i. That is, with f : NxN->N denoting the 

. . (A: + i — 2) (k + i — 1) Tr 

standard diagonal bijection given by (k,l) *—> +i, [[ is 

the sequence of primes whose j member fa satisfies the following: fa — p\ , where 
(k,i) = f^ 1 (j); equivalents, fa-(k,i) =Pi- 



Notice that under the partial ordering -< (1,1,...) is the minimum element and 
II is the maximum element. 

Definition 4.7. For the prime p and a sequence of primes and 1 's P, card p (P) 
is the cardinality with which p occurs in P. 

We now introduce a way of arranging finitely many sequences of integers which 
is convenient for our purposes. 
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Definition 4.8. Given sequences of non-zero integers 

Pl = (pJ,j4,...),-,i > n = (p?,^,-). 

we define their proper arrangement to be the sequences 

Qi = (gi,g2,...),-,Qn = (#,#,..•) 

defined as follows: let n = maxjcar^ (-Pi) , ...,card,2 (P„)} and m = min{« : 
card 2 (P/) = k}. For alii G N 

m def J 2 for i < k ( 9/(i, i) = 2 f or <*U i if K = oo \ 
y /(M) (^ l otherwise ' I gT fl ^ = 1 /or all i if K = J 

For any Pj satisfying P m < Pj define qi (1 .-, = q^i ^ /or a/H G N. Lei { Ji, ■••, jfc} C 
{1, ..., n} be the indices £ for which the terms q e fil .-, have not been defined (possibly 
empty). Repeat the above procedure on Pj ± , ...,Pj k . Repeat the procedure as many 
times as needed until qi (1 ^ is defined for all j G {1, ...,n} and all i G N. Proceed 
recursively, the occurrence of the k th prime in the sequences determines the values 
°f<ff(k,i) f° r CM) e {!' ■■■>«} x N - 

Notice that Qi = Pi since to compose Qi we add at most a finite number of 
prime factors to those of P[. 

Definition 4.9. P\ = yp\,p\, ■ ■■) , ■ ■■, P n — (p™ ,P2> •••) are properly arranged iff the 
proper arrangement of Pi , . . . , P n is P\, ...,P n . 

Definition 4.10. If P and Q are properly arranged and P > Q or if P = Q, for 

n G Z we define the map np^Q : ^2 P — ► Yin to be the map represented by the 
vertical maps in the following commutative diagram 

Cl Pi cl P2 ql P3 

n I nr\ { nr 2 j , 

cl I 1 cl , q ' 2 cl , q:i 

where r{ = G Z — {0} since P > Q. We also denote np^p by np. 

qi ■ ■ ■ qi 

Then for n =/= np^q is a topological cpimorphism since the maps n,nr\, ... : 
S 1 — ► S 1 are topological cpimorphisms. 

4.2. Solenoidal Arithmetic. 

Definition 4.11. For the prime p, we say p \ P (p divides P) if and only if p 
divides infinitely many pi G P '. 

The following lemma is a translation of the result [K, 2.4] into our terminology; 
it may also be shown number theoretically. 

Lemma 4.12. For the prime peN, pp is a topological isomorphism <=> p | P.D 

Definition 4.13. For r eR, define r p ^® : C P ^ C Q by r p ^® (ir P (s)) = 7r Q (rs) 
if P is not eventually 1. And if P is eventually 1 and the product of all the terms 
(=/= 1) of P is p, then np : [0,p) — ► Cp is one— to— one and onto, and we define 
r p ^Q :C P ^C Q by r p ^Q (ttp(s)) = ir Q (rs) , s G [0,p). 
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Notice that if P is eventually 1 and Q is not eventually 1, r p ~*® is not con- 
tinuous; for if it were, then lim r p ^® (ttp(s)) would be Trn(rp) ^ en, while 

s — >p~ 

lim r p ^Q (irp(s)) = en and lim ttp(s) = lim irp(s) = ep. 

Lemma 4.14. I/reR-Q, then r p ^® is not continuous. 

Proof: If P is eventually 1, then r p ~*® followed by projection onto the first S 1 
factor is multiplication by an irrational on S , which is not continuous. Suppose 

then that P is not eventually 1. Now e Q G J = lii e z{iTQ y(—j, j) + *°i)} = ^iezJi 
is a basic open subset of Cq, and if r p ~^Q were continuous, there would be a basic 
open subset I = U^zi^p ((~8, 5) + ipi ■ ■ ■ Pk)} containing ep such that r p ~*® (I) = 
Uigz{7TQ ((—a, a) + irpi ■ ■ ■ Pk)} — Ujgzlj C J, where a — \rS\. But the centers of 
successive Ii have preimages under itq which are not spaced by an integral amount 
as the centers of the Ji are =>■ there is some Ik which is not contained in any Jj, 
contradicting r Q (I) C J. □ 

Lemma 4.15. If r = % £ Q- {0} and d has a prime factor p which does not 
divide P and gcd(c, d) = 1, then r p ^ p is not continuous. 

Proof: Let {s n } — {np (jp\ ■ ■ -p n )}. Then {s n } — > ep. Since p does not divide 
P, there is an N such that for all n > N, p does not divide p n . For n > N 

the (N + 1) coordinate of r p ^ p (s n ) = — — = k + |, where k G Z and 

I G {1, ..., d— 1} => df (r p ^ p (s n ) , ep) > 2J v+i d =>■ {r p ^ p (s„)} does not converge 
to ep. □ 

Notice that if r = 4 and all prime factors of d divide P, then r p ^ p is a topo- 
logical isomorphism by Lemma 4.12J . 



Lemma 4.16. If r — § G Q — {0} and P > Q and d has a prime factor p which 
does not divide P, then r p ^® is not continuous. 

Proof: Very similar to the above proof. □ 

Lemma 4.17. If r = 4 G Q and P > Q are properly arranged and d is the product 
of primes which divide P, then r p ~*Q is continuous. 



Proof: r p ^Q = c P ^ Q o (k) D 



Lemma 4.18. If r = | C Q — {0} and if P < Q or P and Q are not comparable, 
then r p ~*® is not continuous. 

Proof: Let {s n } = {np (pi • ■ -p n )}- Then {s n } — » ep. By our hypothesis, 
there is an N such that q\ ■ ■ -qjv does not divide cp\ ■ ■ -p m for all m. Then the 

(N + 1) l coordinate of r p_>< 3 (s n ) = -. — = k + -3 — - — , where k G Z and 

v ' y J dqi---q N dqi-q N > 

£ G {1, ...,dqi • • • qjv — 1} => {r p ~~ >( * (s n )} does not converge to en. D 

Definition 4.19. We define r G M to be a proper P — > Q multiplier [or proper 
multiplier if the context is clear] if the corresponding function r p ^® is a topological 
homomorphism. 

Thus, we may summarize our above results as follows: 
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If P > Q, then r is a non-zero proper P — > Q multiplier if and only if r = 
§ G Q — {0} and all prime factors of d divide P; if P < Q or P and Q are not 
comparable, then there is no non-zero proper P — > Q multiplier. 

Definition 4.20. When r is a proper P — > Q multiplier we define the correspond- 
ing map rp^Q : ^2 P —* Eo t° be the map which extends r p ^Q . 

Notice that rp^Q is well-defined since we can write it as the composition of 
topological isomorphisms J2 P — ► ^ p (corresponding to the composition of maps 
given by the factors in the denominator) and the epimorphism np^Q [when n =/= 0] 
for some n G Z. Thus, we obtain the following result. 

Lemma 4.21. rp^Q is a topological epimorphism for any non-zero proper multi- 
plier r; if P — Q, then rp^p is a topological isomorphism if and only if r and - 
are proper multipliers. □ 

Definition 4.22. We define r £l to be a (P) is o -multiplier if and only if r and 
- are proper P — » P multipliers. 

4.3. Cartesian Products of f — Solenoids as n Solenoids and their Auto- 
morphisms. 

Definition 4.23. For n sequences of non-zero integers Pi = (p\,p\, ...J , ...,P n = 

(pi,P2, ••■) we define the n-solenoid ^-p to be the n-solenoid corresponding to the 
sequence of matrices 

V v o pi ) v o v n 2 

Definition 4.24. dip^ p n \ is the metric on the product Y\i=i Ep given by 

<w.,Pn) (((4)?=i, -, (<)r=i) > (<i^>^=i (^)r=i)) "= E ^ ((^')^i, (vi)?=i 

i=i 

Lemma 4.25. Jli=i Ep * s topologically isomorphic to Ep- 
Proof: Define i : OlLi Ep, -> Ep b Y 

OC 

(( a; i)- 1 ,...,(4}°=i) - ((ii,-,Ci) e Ep c II r ' 

The function i is well-defined since x\ — p\x\ . By construction, i is an algebraic 
isomorphism. And i is a homeomorphism; in fact, i is an isometry: 

n -. 

d {Pl ,..., Pn) (((zfe, -, <4>~ i) , ((ui)T= i. -. <l/£>£i)) - E ^ (<afe, <tf>£i) 

n 1 / oo 1 \ noo 1 

= E? E^i((^,«r)) =EE^(-^O and 
»=i \j=i y »=i j=i 
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C (i (Vi>£i, •••■ «)T=i) .i (<A~i. ■••> (i£>£i)) = C « xi >£i> (y J ) 
1 °° i / n i 

'^d n (^(x{,...,xi),(y{,...,yi)J =Y1^J \J2^ dl ((^'^ 

OO n 1 



j=i j=i 



j=l i=l 



J 3 



D 



Notice that on Yl7=i ^ft * takes on the simple form 

(7T Pl (*l),...,7Tp n (*„)) l->7T-p((tl,...,i„)). 

Theorem 8. If Pi = (pi,P2> ■■■) > -,fn = (Pi,P2, ■■■) are properly arranged and if /i 
is an automorphism of Ep with the corresponding automorphism H : R™ — > M™ 
satisfying h o ix-p = 7Tp o _ff and if A — (ajj) is the matrix representing H and if 
A^ 1 = (bij), then the entries ajj and 6jj are proper Pj — > p multipliers for each 
i,j G {1, ...,n}. And if A = (ay) is an invertible matrix with inverse ^l" 1 = (6y) 
and if all the entries ajj and 6jj are proper Pj — > Pi multipliers, then there is an 
automorphism of Yjp represented by A. In the notation of Theorem EjL 

/ ( Aut I y _) ) — {A e GL (n, Q) : the entries of A and A^ 1 are proper Pj — ► Pj multipliers}. 

Proof: Let /i, P and A be as in the statement of the theorem. Fix an entry ajj 
of A. With (j>k : II"=i Ep — * Ep projection onto the k th factor, we have that 

4>j o r 1 maps R 3 d = {n-p (t) G Ep I * = (*i> ■••>*») € M ™ and ** = ° for l + J) 
isomorphically onto Cp. : 



7r T ((0,...,t,0,..,0))U (np 1 (0),...,Tr Pi (t),np i+1 (0),...,n Pn (0))^(7rp i (t)). 

Thus, we have the map \x = (pi o i _1 ofto (0j o i _1 ) |c P . : Cp^. — v Cp, C Y] P . ■ 
And for t € K : 

M (ttp, (*)) = ^ o r 1 o ft (TTp ((0, ..., t, 0, ..,0))) - ct>i o r 1 o vr-p-o H ((0, ..., t,0, ..,0)) 

= fa o i _1 o 7Tp (oijt, ..., a, y i) = 7r Pi (ayi) , 

and so ay is a proper Pj — > Pj multiplier since the map /x equals (ay) J ^ '. 
Similarly, each &jj is a proper Pj — > p multiplier since A -1 represents h . 

Given an invertible matrix A — (ajj) with inverse A^ 1 = (6jj) where the entries 
ajj and &jj are proper Pj —* Pi multipliers for alii, j G {1, ..., n}, we define the map 
A-p to be the map on Ep conjugate via i _1 to the map A : Y\j.=\ Ep ~~ * II™=i Ep I 



■''i \ / (aii)p 1 _ > p 1 (#i) H 1- ( a n)p ^ Pl (»n) 

- : ];V tJ 

\ («nl)p 1 ^p Ti (#l) H h (flnn)p n ^p 7i (#n) 



^ o>ef , . ,_i 

; Ap = io^4oi \ 
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Then A-p 07r-p = ir-p o A as desired and {A-p)~ = (A _1 )-p- . D 

Any finite product of 1-solenoids is isomorphic to the finite product of properly 
arranged 1-solenoids and the isomorphism will yield equivalences between the two 
corresponding families of linear flows [Lemma 3.1C], so we need only consider 
the families of flows on the finite product of properly arranged 1-solenoids for the 
purposes of classification. And two linear flows $^ and $^ on a product of properly 
arranged 1-solenoids are equivalent if and only if there is an is an automorphism 
A-p with ato' — A (uj) for some a € M— {0} by the above and by Theorem |6. 

4.4. Example: Classification in Dimension 2. We only consider properly ar- 
ranged P and Q. We classify the linear flows onJ2(pn) ~ M Sp x So ) ■ There 
are then 3 cases: 

1. P = Q 

2. P > Q [i.e., P > Q but not Q > P] 

3. P and Q are not comparable. 

Corollary 9. All equivalences of linear flows on ^2( P P \ are generated by automor- 
phisms of the form Ap x p = , j for which all entries of Ap x p and Ap x p 

\ c a J PxP 

are proper P — > P multipliers. In particular, all rational linear flows on ^2(pp) are 
equivalent. 

Proof: The first statement follows from Theorem H. Choosing appropriate 
integers a, 6, c and d we can equate any two rational flows with an automorphism 

of the form ( , ) where det I , ) = ±1 (see M, p. 36). □ 

V c d Jp xP V c d J ° 

The special case P = (1, 1, ...) corresponds to the torus and the classical classifi- 
cation of linear flows on the torus: in this case the only proper P — > P multipliers 

are integers and / ( Aut (J2(pp) ) ) = GL (2,Z). 

Corollary 10. If P > Q are properly arranged, then all equivalences of irrational 

a 



flows on ^2(pn) may be induced by automorphisms of the form 

V C - / (P,Q) 

where c and -^j are proper P — > Q multipliers and a and d are iso- multipliers. □ 

Corollary 11. If P and Q are not comparable, then all equivalences of linear flows 
on ^2ipn\ may be induced by automorphisms of the form I _ , I , where 

a and d are iso-multipliers. 

Proof: By the hypothesis b and c must be , since this is the only proper Q — > P 
(P — > Q) multiplier. Any such I , I as stated is an automorphism with 

V U d J {P.Q) 

( I \ 
inverse (nil- ^ 

A somewhat surprising example of this case is given by P — (2, 5, ...) and Q = 
(3, 7, ...), the sequences of the odd and even indexed primes. Then / I Aut I Y]/ P \ ) 

n -i-i } smce neither P nor Q has a prime divisor, implying that at most 



{ 
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two distinct phase portraits of linear flows are represented by any given equivalence 
class of fmg). 

In general, Theorem @ may be used to determine whether a given matrix repre- 
sents an element of Aut I X)(p p ) ) ■ When Pi = ■ ■ ■ = P n or when Pi, ..., P n are 
pairwise incomparable, the classification works out as in Corollaries ffl and 



11 



spectively. However, there are many other possibilities besides these in the general 



case corresponding to the one case 10 as above when n = 2. For example, when 



n = 3 there are 7 additional distinct possibilities. When Pi = ■ ■ ■ = P n = (1,1...), 
we obtain the well known result / I Aut I Yl(p p )) ) = GL (n, Z) since the only 
proper Pj — > Pj multipliers are integers, giving the classification of linear flows on 

rrin 

5. Appendix 

Now we find simple conditions on the character group of an n— solenoid that 
determine when it is a product of 1— solenoids. For examples of 2— solenoids which 



are not such products see [KM] and [GR]. Recall that a Q— basis for a subgroup 



G C (R, +) is a set B — {Pi} ieI satisfying the property that all g € G — {0} can 
be uniquely represented as a sum g = ^Ai + ' ' ' + d^Pini where for i = 1, ...,n 
j- G Q — {0} and gcd (cj, d*) = 1. And we refer to the representation g = Yli£i %@i 
with ^f- = y for all terms as the canonical representation of g. We shall need the 
following definition. 

Definition 5.1. We define a set of generators S for a group G C (R., +) to be 
relatively prime with respect to the Q— basis {/3i, ...,/?„} if for each X e S with 
canonical representation 

«i d n 

we have gcd ( dj, 4- ) = 1 /or j = 1, ..., n, where d = di x • ■ ■ x d n . 

Theorem 12. The n— solenoid J2w i s isomorphic with a product of n 1— solenoids <^> 
its character group J2w ^ s isomorphic with a countable subgroup of the reals G (in 

the discrete topology) which has a set of generators S — < \i c = |f/3i -I 1- % n ? 

which is relatively prime with respect to a Q— basis B = {/3 1; ...,/?„} C G. 
Proof :(=>) Suppose the conditions of the theorem are met. Then we let 

c-n def ,n def _. , r . x . . 

dj = dj = 1 (tor j = 1, ...,n) and recursively 
fori > 1 and all j = l,...,nwelet 6) d = lcm(d\,5 1 - 1 ) and A! d = — 4 

— J 3 K 3 1 3 ' 3 si— 1 

/Aj 



and Mj d = 



■■. o I andM d = (Mi,M 2 , 



V o a; 

def { Q Pi f3n_ Pi Pn 

XI '■■■' Ai '"' ' Ai" 
°n °1 °n 



and ^ = lPi,...,P n ,-^-,. 



de f 

and SJt = the subgroup of (R, +) generated by Q. 
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Since 9Jt is a subgroup of (R, +) and 



5) I 5) i 

-jr e Z, we have — -fy = -±-^Pj E M for any i,j. 

d) d) d)6] 

And so we have Ai C 971 for all i. Thus, G C Wl and to show G = 971 it suffices to 
show G D Q . Assume inductively on i 6 N that 

-j-rpj and -jz^(3j £ G for j = 1, ..., n 

(this clearly holds for i = 1). Let d l d = d\ ■ ■ ■ d l n . For k ^ j, %-^ eZ^ 

djd k 

<¥1± B _ W a _d\ A* cj_ 1 d i , 4+1* W 

c i d i 
Since Q is relatively prime with respect to B, gcd( -^— ,d\) = 1 and so there are 

a ] 
Ad* 
integers a and v such that u -i— + vd\ = 1 ^> 

n ■ J 



1 _ ptc)d % /d) + vd) c)d l /d) 



5) 5) 
Then we also have gcd( -i , -^: 1 ) = 1 and so there are integers r and s so that 

d j "] 
Si 6) 

r -± + s jrj = 1. Hence, 



d) 5] 



r -4- + s — 



d\ ST 1 1 1 

completing the inductive step. Thus, G = 9JI and since 9JI is isomorphic with the 
direct limit of 

we have by Pontryagin duality that YjW ~ 52m> which in turn is topologically 



isomorphic with a product of n 1-solenoids [Lemma 4.25 1 . The other direction is 



clear since duality respects finite products. □ 
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